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Historical Preface

m In 1838, G. B. Airy found a theoretical model for the
illumination, involving (the square of) the integral:

W(m) = OOcos E(w?’—mw) dw
e (G0 - o)

Airy could only calculate two zeroes before the process
became intractable

m In 1841, W. H. Miller observed/measured 30 dark bands
for the primary bow

m In 1850, Stokes employed another method, managing to
calculate 50 zeroes!
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Stokes’ Method I

After some rescaling/changing variables, Stokes worked with:

u=e'6 / e~ P e — U — iU
0

U satisfies the Airy equation:

d2U n
a2 T3V =0

Airy’s method was to expand the exponential in pz.

As noted by Stokes, though, this is “not convenient” when n
becomes large.
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Stokes” Method 11

Stokes had the idea to write:!
[ n3
U:e% e (Ano‘+Bnﬁ+Cn7+...)

From the equation, he deduced that:

. . 2
U:An_%e%/_? L 1-5-z+1-5-7-11< i ) L
16v/3n2 1-2 16v/3n2

and similarly for negative values n’ = —n.

Just one small problem... the series diverges.

!Based on formulae M. Cauchy had found for Fresnel’s:integrals.
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Here’s what Stokes’ original series looks like:
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Here’s what Stokes’ original series looks like:
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Secondly, suppose n negative, and equal to —n'. Then, writing - n' for n in (14),
and changing the arbitrary constant, and the sign of the radical, we get
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do not take in the divergent terms.
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Stokes” Method IV

G. G. Stokes

When n or n' is at all large, the series [for U] are at first rapidly
convergent, but they are ultimately in all cases
hypergeometrically divergent. Notwithstanding this divergence,
we may employ the series in numerical calculation, provided we
do not take in the divergent terms.

Stokes was able to calculate 50 zeroes, encountering “only”
7T-figure logarithms instead of 10-figure ones.

This is exactly what in modern days we would deem optimal (or
least) truncation of an asymptotic expansion.
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Stokes Method V

The expansion for U is different for negative n (what we now
call the first example of the Stokes phenomenon.)

This expansion was less tractable:

G. G. Stokes

This mode of determining the constant [in front of the negative
U expansion] is anything but satisfactory. I have endeavored in
vain to deduce the leading term in U for n negative from the
integral itself...

Today, we do know how to deduce the behavior for all n from
the integral itself!
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Method of Steepest Descent

Defining the Airy function for complex z takes some care; the
integral is highly oscillatory.

The method of steepest descent for an integral of the form:

/f(t)exg(t)dt, > 1
C

involves deforming the integration contour to pass along the
direction of steepest descent (i.e. parallel to —Vu, where

g = u+iv) to pass by saddle points (viz. near where the
integral is maximal, or at least less rapid oscillations cause less
cancellation.)

(In particular, this enables one to use Laplace’s method to
estimate the integral.)
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Airy Function, Deformed Contour

For the Airy integral, these curves occur when the cubic term is
negative. In particular, this happens if the phase of ¢ is =%, or
t is negative.

Thus, we write:
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Ai(z) = 5 / Tty Im(y) = (occe™ 3,0l U[0,00e3)
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Airy Function Asymptotics

Asymptotic Expansions:
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Complex plots of the approximations and where they agree.
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Complex plots of the approximations and where they agree.
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The Airy function is governed by the asymptotic expansion:
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Resumming the Asymptotic Series

The Airy function is governed by the asymptotic expansion:

an n+ )F(n+§) 1
Pailz Z Z <_> 27T (n + 1) o

(This is the same formula as before, but with a change of
variables to make growth akin to I'(n) more manifest.)

n 4 2r(n+1) 3 54nT(n+ DI'(n + 3)




Resumming the Asymptotic Series

The Airy function is governed by the asymptotic expansion:

Nan = 3\"Tn+§HI(n+2)1
e =3 % =3 (<) Ty

More remarks:

m py; is factorially divergent (of Gevrey-class one.)



Resumming the Asymptotic Series

The Airy function is governed by the asymptotic expansion:

Nan = 3\"Tn+§HI(n+2)1
e =3 % =3 (<) Ty

More remarks:
m py; is factorially divergent (of Gevrey-class one.)

3, . .
m 2z = k2 is a natural change of variables for ensuing
resummation.



Interlude: Borel Summation Schematic

Formal Power Series Analytic Function, Re(z) > 0
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Laplace Transform
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Borel Summation Example

Formal Power Series Analytic Function, Re(z) > 0
A i jon as 7z — 00
. oo o -2
$() = Y (~1)nle ) [ oek-erne
= o 1+¢

Borel-Laplace Summation £B

Laplace Transform
£ = [ Bk

Borel Transform
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Airy Series: Borel Summation

m The minor of py; is its (formal) Borel transform, forgetting
the constant term:

0 Cn—l
Bai = Bloal = ) an oy,
n=1
m $a; extends analytically to the universal cover of

4
c\{o,-3}
m For any direction 6 not along the negative real axis, the

following converges for Re(ze') > 0:

ooet?

Sopai(z) = ao + LoBlpail(z) = ag + /@Ai(C)e_ZCdC
0



A Borel Resummed Expansion

Where before:

Ai(k)~ ke 3 o ()
1 2\/} € PAi
We now have:
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A Borel Resummed Expansion

Where before:

1 1 _2,3 3
Al(k)’“ﬁk 1€ 3" pai(k2)
We now have:
1

This resummation is valid for |arg(k)| < %, [k| > 0.

One can rotate the direction of summation for new regions of
validity.
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Contours near the Singularity at —%

Rotation of summation is fine up until one encounters the
singularity on the negative real line.
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Figure 2. Right and left Borelaresummation.

[ ]

One can compares right and left-resummations, since

(4) S 0i(2) = S_proas(2) + [ Fai(C)e =€ dg
Sy
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“Alien” Calculus & Behavior across the Singularity

The Hankel contour v can be expressed using the so-called alien
derivative:

| e sac = tosn (8 on)

In this case,

oo
. a
AZ_%SOAi = —ippi, ¢Bi(z) = Z(—l)nﬁ
n=0

pp; is also Gevrey-1 and its minor ¢p; extends analytically to
the universal cover of C\ {0,413 }.
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Airy Function on the Negative Real Line

Deducing the behavior Ai for negative real inputs.

Airy expansion when |arg(k) — 7| < §, z = 2
Ai(k) = o—=k"1 (67%'25,3%@/&1(2) + ie%zsf%ﬂpm(z))

Note the new exponential term that appeared.

Once can rewrite the LHS as the resummed version of the
second expansion we saw previously.
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Zeroes “Resurge” from the Original Expansion
S

m This expression can be employed to calculate the zeroes on
the Airy function (viz. the Delabaere reference.)

m This procedure follows the original calculations of Stokes,
but now by manipulating the full series itself. The
mathematical justification for the resummation comes from
resurgent analysis.

m In particular, the behavior on the negative real line is
manifestly contained in the expansion on the positive real
line— an example of resurgence.



Historical References

m G. B. Airy, “On the Intensity of Light in the
neighbourhood of a Caustic,” Trans. Cambridge Phil. Soc.
Vol. 6, Pt. 3, 397-402 (1838)

m W. H. Miller “On Spurious Rainbows,” Trans. Cambridge
Phil. Soc. Vol. 7, Pt. 3, 277-286 (1841)

G. G. Stokes, “On the numerical Calculation of a Class of
Definite Integrals and Infinite Series,” Trans. Cambridge
Phil. Soc. Vol. 9 Pt. 2, 166-187 (1850)

m G. G. Stokes, “On the discontinuity of arbitrary constants
that appear as multipliers of semi-convergent series (A
letter to the Editor),” Acta Math. Stockholm 26, 393-397
(1902)



Journal References

m A. B. Olde Daalhuis, S. J. Chapman, J. R. King, J. R.
Ockendon, and R. H. Tew, “Stokes phenomenon and
matched asymptotic expansions,” SIAM J. Appl. Math,
Vol. 55, No. 6, 1469-1483 (1995)

E. Delabaere, “Effective Resummation Methods for an
Implicit Resurgent Function,” arXiv:math-ph/0602026.

m M. V. Berry and C. J. Howls, “Hyperasymptotics for
integrals with saddles,” Proc. R. Soc. Lond. A 434,
657-675 (1991)

m O. Costin and M. Huang, “Behavior of Lacunary Series at

the Natural Boundary,” Advances in Mathematics
222(4):1370-1404, DOI: 10.1016/j.2im.2009.06.011



Book References

m Abramowitz, M. and Stegun, I. A., eds. Handbook of
Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, ” Chapter 10,” Applied Mathematics
Series, 55, (Ninth reprint, 1983). Washington D.C.; New
York: United States Department of Commerce, National
Bureau of Standards; Dover Publications. p. 446-447

m O. Costin, Asymptotics and Borel Summability, Chapman
& Hall/CRC Press, 20009.



Images

m Mika-Pekka Markkanen, Supernumerary Rainbows
[Photograph], 23 May 2010, Wikimedia Commons. License:
CC BY-SA 4.0.

m Les Cowley, Bow from 0.75mm diameter drops illuminated
by a distant point source [Simulated Image, Cropped], n.d.,
Atmospheric Optics, atopics.co.uk. Copyright of Les
Cowley.

m Geek3, Airy Ai Asymptotic [SVG, converted to PNG], 7
Feb. 2015, Wikimedia Commons. License: CC BY 3.0.



	Introduction
	Stokes' Method
	The Modern Airy Function
	References

